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If you find any mistakes or typos, please report them to ypyang@math.cuhk.edu.hk
4.7. Solution. T is linear: Vo, 5 € R, Vxy(t), zo(t) € C[0,1],Vt € [0, 1],
1
T(axy + Bxo)(t) = / E(t,u) (o (u) + Bre(u)) du
0

1 1
= a/ k(t,u)x(u) du + 5/ k(t,u)za(u) du
0 0
= aT(xq)(t) + BT (x2)(t).
Therefore, T'(ax; + Bxa) = a1 (z1) + ST (x2).
T maps C0, 1] to C|0, 1]: For any z(t) € C[0, 1], there exists M > 0 such that |xz(t)| < M,t € [0, 1].

Vto € [0,1],Ve > 0, since k(t,u) is continuous on [0, 1], there exists § > 0 such that if [t —ty| < &
and t € [0,1] then |k(t,u) — k(to,u)| < % Then whenever |t — 5| < § and t € [0, 1] we have

|Tx(t) — Tx(ty)| = /0 k(t,u)x(u) du — /0 k(to, u)x(u) du

< [kt = ktto, 0] - o)

16

Therefore, Tz is a continuous function on [0, 1].

4.9. Solution. Vx € [P,

S =

Y
< (Z’mk’p) = [|],.

k=1

Tl = (i mrp)

k=2

So we have that 7 is bounded and ||7;]| < 1. Take x = ey = (0,1,0,0,---) and we can get
1T, = [1(1,0,0,-- )l = 1< [[Tof[[J<]l, = [Tl
Therefore, ||7;|| = 1.

Similarly,

1 1
1Tl = (0”+Z|xk|p> = <Z !xk|p> = [l=llp-
k=1 k=1
It follows that 7, is bounded with [|7,| = 1.
4.10. Solution. Let y € X, there exists a sequence {z,} C X such that x,, — y. Then we

have || f(zm) — f(xn)|| = | f(@m — z0)|| < | fI|Xm — xn]|. Since convergent sequences are Cauchy,
|Zm — xn|| — 0 as m,n — oco. This implies that {f(z,)} is Cauchy and lim f(x,) exists.
n—o0



Define f(y) = lim f(z,). We claim that f is well defined. Suppose {yn} is an arbitrary sequence
n—oo
such that y, — y. Then ||f(y,) — f(zn)|| < | fllllyn — n]| = 0 as n — oo. This implies

Jim f(y,) = lim f(z,) = f(y).

}vis linear: Vx,y € )?,‘v’oz, p € R, there exist sequences {z,}, {y,} C X such that z,, = z, y, —> vy
as n — oo. Clearly ax, + By, — ax + [y. Therefore,

Flaw+ By) = lim flaw, + By) = o lim f(x,) + 8 lim f(y,) = of (@) + BT).
flx = f: Vz € X, choose {z,} = (z,,---) and then z,, — z. So that

flz) = lim f(z,) = lim f(z) = f(x).

n—oo n—oo

fis bounded: for any y € X , we have

|Fw)| < lim [f(za)] < Timn || fllall = 1) Timn flz ] = A1yl

f is unique: Suppose there is another extension f;. Then

fly) = lim f(w,) = lim fi(w.) = fi(y)-
Finally, let n — oo in [|f(z,)|| < [[f[l[lzn ]| and we get [f(y)l < [[f[llyll. Hence |[f] < [If]]. 1t’s
clear that || f|| > |[f[| because the norm, defined as a supremum, must be non-decreasing in an
extension. Together we have ||f|| = || f]|-



